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1*0 ’ Introduction 

4 • 0 

In ref*l Davis and Putnam present a computational 


proof procedure for quantification theory which they suggest 
might be applied to obtain proofs in mathematical domains, 

* ’* * 4 * 

In ref*2 they give a finite axiom system for elementary 
number theory with the aim of applying the computational 
proof procedure to it* In ref* 3 Wang points out that as.It 
stands this procedure would be far too inefficient to prove 


nop trivial theorems and discusses how it might be made more 
efficient* In this note we will indicate that even the type 


of modification that Wang considered would not be sufficient to 
enable the system to prove non trivial theorems* 


1*1 The Computational Proof Procedure 

Since a complete presentation is given inref.l only 
a sketch will be given.here* A w.f*f• R la proved by showing 

t • , ’ . ■ ’ , * •■*,, * ^ * • ♦ .. 4 • * > i ,s - **% *'■■ 

that fVR is inconsistent* a»R is first put irito prencjs normal^ 
form with the quantifier free part in conjunctive normal-form* 
Then existential quantifiers are replaoed by functionalsymbols. 
Then by substituting various constants for thevariablesin 
the canonical form of a/R a sequence of lines is generated* For 
example, the lines generated from (x^). (x~) R(3c^,fwould 
' R(A,fa,a) . ,• / " ' 

R (a, fa, fa) 

R(fa,ffa,a) 

• * • K . * • 

R(fa>ffa;fa) etc* 

Then a scheme is given which determines a givpn finite 

set of lines is inconsistent or not* Lines are generated until 
a set is found which is inconsistent In which case the'theorem 
is proved ; XHv- 


1*2 The Axiom System for Number Theory* 

The non logical constants are as follows: 


be 
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Moreover "there are four variables to be substituted for so 

■ 4 

that using only those of type U(c) there are 30 possible 
choices? those of type U(U(C)) there are (l$0r possible 
choices} etc* We will later show that to prove . 

(y) (l+y-y+1) we require the set P 2 ((«'A(Nx(llxN) ) which 

• . i i 

« '* ► * 

is of type 

U(U(B(B(C,B(C,B<C,C))),UCC)). At this level there are of 

the order of 10*° choices which is of the same order as the 

' . * 

number of i ^ove choices in checkers * 

». . . 

Now it has been suggested that by using some heuristic to 
generate only those terms which satisfy some Criterion of usefulness 

' ‘ * t ; r* ' 

Such as using the functions appearing in the statement of the 

theorem or using Wang's method of sequential tables that the 

' \ ' .... ‘ 

choices could be reduced to a manageable number* However for 

* , • 

* • 

»• . 

any simple minded scheme it is not difficult to show that the 

' * ‘ 

kind of exponential growth illustrated above is encountered* In 

* ^ 

the next section we will indicate a stronger result* In 

* • . , ' ' .* • 

’ . • « • * 

particular, we will consider the number of terms of the Davis 

• k *. . ♦ • •** . . ’ 

* • . 

Putnam system that occur when an Informal proof is formalized in 

a minimal way in the system. Such a formalisation of an informal 

» * 

proof is certainly more efficient than the above system of 

■ , » ’ 

generating terms even with a very clever heuristic selection 
scheme* 

‘i * 
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low as will ever be encountered in a proof involving 
one induction step* 

However most.theorems are not thin simple« In particular 
the steps ,R(x)a)R(x+l) often cannot be obtained by substitution 

in the axioms* For example, the step R(x)^ H{x+l) of many 

• ■ 1 

theorems will require the result 2n general we will 

have a chain of theorems} 


\ 

R{x) R (x*l 


•i) m 

■ s 

Q«(l) Q*(j 


(x) (x+1)» Or (x) 


$ B (l) $ B {x) Q n (x+1) 

where Q n (x}^Q n (x+1) can be proved by substitution in the axiom 


For difficult theorem this may notrlaad to a Q^x) 

whose base steps can be proved by substitution in the axioms 

• ■ ■■■ ■ ■■ ■ ■ ■ •. ' ■■ '■ • 

In this case it may be necessary to partition the theorem in 


parts. For example, to prove thgb g(x)«b{at) it may be 

i - ■ ''v' ■- ~ . 

t ■•■■■■■.: ■ ; . - ' 

necessary to prove g(x)*fiCx}«dfg(x)>..‘Hf Il {x)*!h(x). 
Example Consider the Informal proof of 


Example Consider the infoi 
1 2 42 2 *3 2 *» • »+r 2 *r(r-f: 
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Xn the presence of partitioning : the-thee- structure is 


of the fortos- 
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We can consider the theorems Q^(x) as theorems which 
logically preoeed r(x). Another of the sources of inefficiency 

of this system is that a complete proof of all the theorems 

. • * 

which "logically preceed R(x) must be included in a proof of 
r(x). To see how inefficient this ia consider a sequence of 
theorems T^T^ *<.* in which T n is the only logical 
predecessor® of If ^ H* 1 ® 3 # ^ en *n 

would require K lines in a logic theory type system if T n were 

a previously proved theorem, but in the Davis Putnam system 

* *• , . 

would require nK lines. The number of lines required for the 

, » . f * 

proofs of the first n theorems would then lilt for a logic theory 
type system and n(n»l)IC for a Davis Putnam system. 

. ” 2 "’ ' r:.' ■ 

HJB. What Is meant by a logic theory type system is the Davis 
Putnam system modified so that when, a theorem is proved it is 
added to the list of axioms„ Of course then the amount of time 
spent scanning the axioms becomes a serious problem as in the 
original studies of the logic theory machine. 

Wext consider the case in which we wish to prove T when T 
has two ”itnm**diat® logical predecessors* which in turn each have 
























































4*0 Conclusions 




Hence we #e© that even a formalization of an inform! 


proof becomes excessively long 


As mentionned above we cannot 


expect the generating procedure even with a clever heuristic 
selection criterion to do better than this* The essential 
weakness of the system is that in proving any particular theorem 
it must also prove every theorem which logically precedes it. 

• f 

This Is in contrast to informal mathematics or systems like the 
logic theory machine in which previous theorems may be referred 
to. This suggests that this system night be modified to add to 


the list of axioms those theorems 


have already been proved 


and to use an appropriate metath&prem* Then in formalising a field 
such as number theory it would merely be necessary to prove theorem 
in the right order to avoid excessively long proofs. But even 

then there is a difficulty In proving theorems whose informal 

■ « * 

proofs are not known. The only way to make this problem 
correspondingly feasible would be to get an Informal plan but 

this is of course equivalent to proving the theorem informally<> 

* 

When the Davis and Putnam system mas first studied it was 

suggested that it might be able to get a proof for difficult 

* . . '• ■ , 

theorems such as Farmers last theorem. . However^ what we have 
been saying above is that to prove any but the most trivial 
theorems we. require some heuristic planning scheme. But this is 

4 ' * • 

equivalent to obtaining m informal proof by a system of the type 
of the logic theory machine and thus if we cannot prove a theorem 
informally by a heuristic problem solving program it is extremely 
doubtful if we can obtain a proof in a feasible length of time fey 
falling back on a formal pseudo decision procedure. 
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